Given a projective family of semi-stable curves over a complete discrete valuation ring of characteristic p > 0 with algebraically closed residue field, we construct a specialization functor between the category of continuous representations of the pro-étale fundamental group of the closed fibre and the category of stratified bundles on the geometric generic fibre. By Tannakian duality, this functor induces a morphism between the corresponding affine group schemes. We show that this morphism is a lifting of the specialization map, constructed by Grothendieck, between the étale fundamental groups.
Introduction
In [1] , given a complete discrete valuation ring A of characteristic p > 0 with fraction field K and residue field k, Mumford associated with a flat Schottky group G ⊂ PGL 2 (K) a stable curve X over A with k-split degenerate closed fibre X 0 and non-singular generic fibre X K , such that G is the group of covering transformations of the universal cover Y 0 of X 0 . Moreover, he proved that every such curve X can be constructed in this way for a unique flat Schottky group G and that, if X has arithmetic genus g, G is a free group with g generators.
This setting was later used by Gieseker in [2] to prove that, for any prime p > 0 and every integer g > 1, there exists a stable curve of arithmetic genus g in characteristic p that admits a semi-stable bundle of rank two whose Frobenius pull-back is not semi-stable. Given a stable curve X over A with k-split degenerate closed fibre and non-singular generic fibre, he introduced the notion of coherent sheaves with meromorphic descent data on the universal cover of the completion X of X along its closed fibre and he proved that the category they form is equivalent to the category of coherent sheaves on the generic fibre X K . Then he associated with each K-linear representation of the group G, constructed by Mumford, a sheaf with meromorphic descent data, and hence, via the equivalence of categories, a bundle on the generic fibre. Furthermore, repeating the argument for all Frobenius twists of X, he associated with each representation of G a stratified bundle on the geometric generic fibre. Finally, by cleverly choosing the representation, he was able to construct a semi-stable bundle with the required properties.
In this article we generalize Gieseker's construction of stratified bundles from representations by removing the assumption on the degeneracy of the closed fibre.
In the first section, we present an explicit computation of the pro-étale fundamental group of a projective normal crossing curve defined over an algebraically closed field.
Theorem. (See Theorem. 1.17) Given X a connected projective normal crossing curve defined over an algebraically closed field and ξ a geometric point of X, let, for j = 1, . . . , N , C j be the irreducible components of X, C j their normalization and ξ j a fixed geometric point for every C j , then
where I is the set of singular points of X, Z ⋆|I|−N +1 is the free product of |I| − N + 1 copies of Z and ⋆ N is the co-product of Noohi groups.
In particular, if X 0 is a degenerate stable curve over an algebraically closed field k of characteristic p > 0, we see that its pro-étale fundamental group is isomorphic to the Schottky group defined by Mumford and hence we have a more geometrical interpretation of the latter.
In the second section, given a topological group G, we illustrate the properties of its algebraic hull G cts , which is defined as the affine group scheme associated with the Tannakian category of continuous representations of G. In particular, we give an explicit description of the algebraic hull of a pro-finite group.
In the third section, given a complete DVR A of equicharacteristic p with algebraically closed residue field, we set X to be a projective semi-stable curve over Spec(A) with connected closed fibre X 0 and smooth generic fibre X K . We associate with a K-linear continuous representation ρ of the pro-étale fundamental group of the closed fibre a geometric covering Y ρ of the completion X of X along its closed fibre. Moreover, we show that meromorphic descent data on coherent sheaves over Y ρ descend to coherent sheaves on X K .
In the fourth section, we extend this result to stratified bundles and this leads us to the definition of a specialization functor.
Theorem. (See Theorem 4.16) Let X be a projective semi-stable curve over Spec(A) with connected closed fibre and smooth generic fibre, then the descent of stratified bundles with meromorphic descent data induces a tensor functor
which, by Tannakian duality, corresponds to a morphism of group schemes over K sp : π strat (X K ) → (π proét 1 (X 0 , ξ)) cts .
We conclude by showing that this morphism of group schemes is a lifting of the specialization map between the étale fundamental groups of X K and X 0 constructed by Grothendieck in [3] .
Pro-étale fundamental group of semi-stable curves
In [4] the authors introduced the notion of tame infinite Galois categories and proved that every such category is equivalent to the category of sets with a continuous action of a Noohi group. This notion generalizes the concept of Galois categories, introduced by Grothendieck in [3] and it is used to construct the pro-étale fundamental group of a scheme. Before defining this group, we recall the definition and basic properties of Noohi groups. Definition 1.1. Let G be a topological group and F G : G-Sets → Sets be the forgetful functor, we say that G is a Noohi group if the natural map G → Aut(F G ) is an isomorphism of topological groups, where Aut(F G ) is topologized by the compact-open topology on Aut(S) for all S ∈ Sets. Definition 1.2. Given G a topological group, we define the Raȋkov completion of G, which is denoted by G R , as its completion with respect to its two-sided uniformity (see [5] ). We say that a topological group G is Raȋkov complete if the natural morphism σ : The pro-étale fundamental group of a scheme X, in analogy with the étale fundamental group, is defined as the Noohi group associated with the category of geometric coverings of X. Definition 1.4. Given X a locally topologically Noetherian connected scheme, we call geometric covering of X any étale X-scheme Y such the structure map Y → X satisfies the valuative criterion of properness. We denote by Cov X the category of geometric coverings, where the maps are given by X-morphisms. . Let X be a locally topologically Noetherian connected scheme, ξ a geometric point of X and set ev ξ to be the following functor ev ξ :
then the group Aut(ev ξ ), endowed with the compact-open topology, is a Noohi group. Moreover, the functor ev ξ induces an equivalence of categories ev ξ : Cov X ≃ Aut(ev ξ )-Sets. Definition 1.6. Given X a locally topologically Noetherian connected scheme and ξ a geometric point of X, we define the pro-étale fundamental group of X, as in [4, Def. 7.4.2] , to be the group
From the pro-étale fundamental group, we can retrieve both the enlarged fundamental defined in [6] and the étale fundamental group. . Let X be a locally topologically Noetherian connected scheme and ξ a geometric point of X, then
• the pro-discrete completion of π proét 1 (X, ξ) is isomorphic to the enlarged fundamental group π
• the pro-finite completion of π proét 1 (X, ξ) is isomorphic to the étale fundamental group π ét 1 (X, ξ). 
Before computing the pro-étale fundamental group of normal crossing curve, we state some basic definitions. Definition 1.9. Let C be a scheme of dimension 1 of finite type over an algebraically closed field F , then C is a semi-stable curve if it is reduced and its singular points are ordinary double points. If F is any field and F is a fixed algebraic closure of F , then a curve C over F is called semi-stable if C F = C × F Spec(F ) is a semi-stable curve over F . Definition 1.10. Let C be a scheme of dimension 1 of finite type over an algebraically closed field F , then we say that C is a normal crossing curve if its associated reduced scheme C red is a semi-stable curve. If F is any field and F is a fixed algebraic closure of F , then a curve C over F is called normal crossing if its base change C F is a normal crossing curve over F . Definition 1.11. Given a scheme S, a semi-stable curve over S is a flat scheme X over S, whose fibres are semi-stable curves.
The main idea behind the computation of the pro-étale fundamental group of normal crossing curves is to generalize [3, Exp. IX Cor. 5.4] in terms of the pro-étale fundamental group. Hence, we need an explicit construction of the co-product of Noohi groups. Remark 1.12 ([4], Example 7.2.6). Given two Noohi groups G and H, we set C G,H to be the category of triples (S, ρ G , ρ H ) where S is a set and ρ G , ρ H are continuous actions on S of G and H respectively. Let forg : C G,H → Sets be the forgetful functor, then the group Aut(forg) is Noohi and it is, in fact, the co-product of G and H in the category of Noohi groups. We will denote the co-product of Noohi groups G and H by G ⋆ N H := Aut(forg).
We give now an alternative description of the co-product in the category of Noohi groups. In what follows, given two topological groups G and H, we denote by G ⋆ H the co-product in the category of topological groups, constructed in [7] . Proof. Given x, y ∈ G ⋆ H and
Hence, the multiplication is continuous because we have, for every x, y and Γ,
Let i be the inverse morphism, then y −1 Γx −1 ⊂ i −1 (xΓy), for every x, y and every Γ, thus G ⋆ B H is a topological group.
To conclude, it suffices to show that every set xΓy ∈ B such that 1 ∈ xΓy contains an open subgroup of G ⋆ B H. The condition 1 ∈ xΓy implies that x −1 y −1 ∈ Γ. The set y −1 Γy is, by definition, an open subgroup of G ⋆ B H. Moreover, we see that y −1 Γy ⊂ xΓy because, given δ ∈ y −1 Γy, we have, for some γ ∈ Γ, Note that, by the universal property, the co-product of two discrete groups in the category of topological groups is their abstract free product endowed with the discrete topology and it coincides with the co-product in the category of Noohi groups.
We proceed now with the computation of the pro-étale fundamental group of a normal crossing curve. Lemma 1.15. Let X be a locally Noetherian connected scheme, X red its associated reduced subscheme and ξ a geometric point of X, then
Proof. By [8, Thm. 18.1.2] the category of schemes that are étale over X is equivalent to the category of schemes that are étale over X red . Thus, it suffices to prove that an étale scheme Y over X satisfies the valuative criterion of properness if and only if Y × X X red = Y red does.
Let R be any discrete valuation with fraction field F , then any morphism Spec(F ) → Y factors through Y red and similarly any morphism Spec(R) → X factors through X red . Hence, it is clear that, for any diagram of the form Proposition 1.17. Let X be a projective connected normal crossing curve over an algebraically closed field F and ξ a geometric point of X. For j = 1, . . . N , let C j be the irreducible components of X, C j their normalizations and ξ j a fixed geometric point for every C j , then
where I is the set of singular points of X and Z ⋆|I|−N +1 is the free product of |I| − N + 1 copies of Z.
Proof. By Lemma 1.15, we can assume that X is a projective connected semistable curve. Hence, by Proposition 1.16, the normalization is a morphism of effective descent for geometric coverings. We prove the statement by induction on N , the number of irreducible components of X.
If X is irreducible, the normalization X is connected. In this simple setting the descent data of geometric coverings of X with respect to the normalization can be described explicitly. We denote by (a i , b i ) the pair of points of X that are identified to x i ∈ I in X and we set F ai and F bi to be the functors associating to each geometric covering its fibers over a i and b i respectively. Giving descent data for Y , a geometric covering of X, with respect to the normalization is equivalent to giving a collection of bijections {α i :
Let C be the category whose objects are given by the datum (Y, α 1 , . . . , α r ) with Y a geometric covering of X and α i : F ai (Y ) → F bi (Y ) isomorphisms of sets, and whose morphisms from (Y, α i ) to (Z, β i ) are given by X-scheme morphisms ϕ : Y → Z such that, for every i ∈ I, the following diagram commutes
By construction, the category C is equivalent to the category of geometric coverings of X. We claim that there exists an equivalence between the category C and the category C Z ⋆r ,π proét 1 (X,ξ1) , defined as in Remark 1.12, which is compatible with their fiber functors. If the claim is true, then it follows that
Since X is connected, we can choose, for every i, a path τ i from a i to b i and a path σ i from ξ 1 to a i and we notice that every α i ∈ Hom(F ai (Y ), F bi (Y )) can be written as
Hence, we can define the action ρ i of i-th copy of Z on F ξ1 (Y ) as
which induces a functor
. Thus, we can define the following functor:
which clearly is a quasi-inverse functor of F ξ1 . Since, by construction, forg
, we have proved the previous claim.
Let us prove now the inductive step. We fix C 1 an irreducible component of X such that the geometric point ξ does not lie in C 1 and such that X \ C 1 is connected. We denote by I 1 the set of pairs (a 
We denote by X N −1 be the complement of C 1 in the normalization of X, denoted by X, by I N −1 the set of pairs (a
of X and we set X N −1 to be the curve obtained from X N −1 identifying the pairs in I N −1 . By construction, X N −1 is a projective connected semi-stable curve with N − 1 irreducible components and, by the inductive hypothesis, 
We define C 0 to be the category whose objects are triples (Y 1 , Y N −1 , α 0 ) with Y 1 a finite étale cover of C 1 , Y N −1 a finite étale cover of X N −1 , and α 0 an isomorphism of sets
, and whose morphisms from
Clearly C 0 is equivalent to the category of geometric coverings of X ′ and we claim that the categories C 0 and π
. Furthermore, the schemes C 1 and X N −1 are connected, so we can choose the paths
We call ρ the action of π proét 1
Then τ is an action of Aut(F ξ ) on F ξ1 (Y 1 ) and it induces a functor
. Thus, we can define the functor
which is a quasi-inverse of F ξ1 .
Finally, we observe that a geometric covering of X corresponds to the datum of a geometric covering Y of X ′ and the isomorphisms α i :
(Y ) for every remaining pair of points {a
By the same argument of the base step,
Hence, we obtain that
The statement follows because, since C j are normal, by Proposition 1.8,
For the following sections, we consider a fixed isomorphism between π
, as constructed in the previous proposition.
Algebraic hulls
Definition 2.1. Given a field F and a topological group G, a continuous Flinear representation of G is a pair (V, ρ) of a finite dimensional F -vector space V and an F -linear action ρ : G × V → V that is continuous with respect to the discrete topology on V . We denote by Rep cts F (G) the category of continuous F -linear representations of G. Definition 2.2. Let F be a field and G a topological group, we define the algebraic hull of G over F to be the affine group scheme over F associated, by Tannakian duality ([10, Thm. 2.11]), with the pair (Rep cts F (G), ω G ), where ω G (V, ρ) = V is the forgetful functor. We denote this group scheme by G cts .
We recall the following elementary result in topology theory.
Lemma 2.3. Given F a field, G a topological group, V a finite dimensional F -vector space and ρ : G × V → V an F -linear G-action on V , the following are equivalent: Remark 2.4. In particular, if G is a given topological group, G D is its prodiscrete completion and F any field, then there exists an equivalence of categories Rep
. Let X be a locally topologically Noetherian connected scheme and ξ a geometric point of X, by Proposition 1.7, the pro-discrete completion of π proét 1 (X, ξ) is isomorphic to π SGA3 1 (X, ξ), hence it follows that, for every field F ,
Note that this equivalence of categories holds even in the cases, presented for example in [4, Example 7.4.9] , where π proét 1 (X, ξ) and π SGA3 1 (X, ξ) are not isomorphic as topological groups.
In the next statements we will describe the algebraic hulls of finite and profinite groups.
Lemma 2.5. Let G be a finite group and G cts be its algebraic hull over a given field F , then G cts is isomorphic to the constant group scheme over F associated with G.
Proof. Since G is finite, the category Rep cts F (G) is equivalent to the category of finite dimensional F -linear representations Rep F (G) and hence to the category of finitely generated F [G]-modules, where F [G] is the F -Hopf algebra generated by the elements of G. Let F G be the dual F -Hopf algebra of
is equivalent to the category of finitely generated F G -comodules. This implies, by [10, Ex. 2.15] , that G cts = Spec(F G ) and hence it is the constant group scheme associated with G. Lemma 2.6. Let F be a field and π = lim ← −i π i be a complete pro-finite group with surjective transition maps, then π cts , the algebraic hull of π over F , is isomorphic to F -group scheme
where (π i ) F are the constant group schemes associated with the finite quotients π i .
Proof. Since π i is finite, by Lemma 2.5, π cts i is the constant group scheme over F associated with π i , which we denote by (π i ) F .
The natural map pr i : π → π i induces a tensor functor between the categories of continuous representations
By [10, Cor. 2.9], this induces, for each i, a morphism of F -group schemes
Hence, there exists a natural morphism of F -group schemes
which corresponds to a functor
Since the maps pr i are surjective, the functor 
be the natural morphism of F -group schemes, then
Descent of coherent sheaves with meromorphic data
The following notation will be used throughout these last three sections. We fix k an algebraically closed field of characteristic p > 0, we set A to be a complete discrete valuation ring of characteristic p with residue field k, we denote by K the fraction field of A and we set S = Spec(A). Moreover, we fix X → S a projective semi-stable curve with connected closed fibre X 0 and smooth generic fibre X K .
Under the assumption that the closed fibre X 0 is degenerate, that is that the normalizations of its irreducible components are isomorphic to P 1 k , in [2] Gieseker associated with a K-linear representation of the free group Z ⋆r , with r = p a (X 0 ) the arithmetic genus of X 0 , a stratified bundle on X K . We have proved in Theorem 1.17 that the group Z ⋆r , which had only a computational description in [1] , is, in fact, isomorphic to the pro-étale fundamental group of X 0 .
The degeneracy assumption was essential for Mumford because it allowed him to construct a universal cover of X 0 . We can reinterpret this phenomenon also in terms of the pro-étale fundamental group. Indeed, if X 0 is degenerate, then the left regular π proét 1 (X 0 , ξ)-action on the set S = π proét 1 (X 0 , ξ) is continuous with respect to the discrete topology on S. Hence, it induces an object of the category π proét 1 (X 0 , ξ)-Sets, which corresponds to the universal cover Y 0 of X 0 . On the other hand, if X 0 is not degenerate, the regular action on S = π proét 1 (X 0 , ξ) is not continuous with respect to the discrete topology on S. Thus, we are not able to generalize the construction of Y 0 to any semistable curve X 0 . We overcome this issue by associating with each continuous representation of π proét 1 (X 0 , ξ) a specific geometric covering of X 0 . Definition 3.1. Let X be the completion of X along X 0 , then we denote by Et X the category of formal schemes that are étale over X. We define Cov X to be the full subcategory Et X given by the essential image of Cov X0 via the equivalence in [ 
⋆r with r = p a (X 0 ) ≥ 2, so the groups π proét 1 (X) and π proét 1 (X 0 ) are not isomorphic. This counterexample also shows that there isn't a specialization morphism between the topological groups π proét 1 (X K ) and π proét 1 (X 0 ) that lifts the étale specialization map. Indeed, any continuous morphism
factors through a finite quotient of π ét 1 (X K ). Since Z ⋆r is a free group, this implies that sp is the zero map. Under the same assumptions, the étale specialization map is surjective, hence these morphisms are not compatible. Lemma 3.3. Let ξ be a geometric point of X 0 and, for j = 1, . . . , N , let C j be the irreducible components of X 0 and C j their normalizations, then there exists an equivalence of categories
Proof. Setting r = |I| − N + 1, we consider the fixed isomorphism,
whose existence was proved in Proposition 1.17. By Corollary 1.14, Futhermore, as in Corollary 1.14, we see that the identity map induces an equivalence of categories
Composing this functor with σ, we construct the desired equivalence of categories.
For the remaining of this article, we fix an equivalence of categories, as constructed in the above lemma.
Let us consider an element (V, ρ) ∈ Rep cts K (π proet 1 (X 0 , ξ)), then (V, ρ) corresponds, via the equivalence of categories constructed in the proof of Lemma 3.3, to a K-linear representation
which, by Lemma 2.3, is continuous with respect to the discrete topology on Aut(V ). Thus, by the universal property of the free product, (V, ρ) corresponds to the following data:
• a continuous morphism ρ
By continuity, each morphism ρ ét j factors through a finite quotient of π ét 1 (C j ), which we call G i . In particular, by the universal property of the free product, (V, ρ) factors through a continuous K-linear representation
Since it is a discrete group, by [5, Prop. 3.6.12] it is also a quotient of π proét 1 (X 0 , ξ) and we denote the quotient map by q.
By Proposition 1.5, the set Z ⋆r ⋆G 1 ⋆· · ·⋆G N , endowed with the action given by q, corresponds to a connected geometric covering of X 0 , which we denote by Y ρ 0 . Definition 3.4. We set Y ρ to be the geometric covering of X that corresponds to the geometric covering Y ρ 0 of X 0 defined above. By construction, we see that
Similarly, we can endow the set G 1 × · · · × G N with a π proét 1 (X 0 )-action, by composing the map q with the quotient map
Hence, we can associate with G 1 × · · · × G N a finite étale cover Z ρ 0 of X 0 . Definition 3.6. We set Z ρ to be the finite étale covering of X that corresponds to the finite étale covering Z ρ 0 of X 0 defined above. We can observe that
Moreover, Y ρ → X factors through q : Y ρ → Z ρ and we have
Definition 3.9. Given F a coherent sheaf on Y ρ , we call meromorphic descent data relative to Z ρ on F a collection of elements
that satisfy:
• the co-cycle condition:
• the identity condition: h Id = Id F ⊗AK .
Definition 3.10. Given {F , h w } w∈Aut(Yρ|Zρ) and {G, k w } w∈Aut(Yρ|Zρ) two coherent sheaves on Y ρ with meromorphic descent data relative to Z ρ , a morphism of meromorphic descent data from {F , h w } to {G, k w } is given by an element
We denote by Coh m (Y ρ |Z ρ ) the category of coherent sheaves on Y ρ with meromorphic descent data relative to Z ρ . Definition 3.11. Let {F , h w } w∈Aut(Yρ|Zρ) be a coherent sheaf on Y ρ with meromorphic descent data relative to Z ρ , we say that {F , h w } descends to a coherent sheaf on Z ρ if there exists G ∈ Coh(Z ρ ) such that
The following proposition is a generalization of [2, Lemma 1].
Proposition 3.12. For every coherent sheaf {F , h w } w∈Aut(Yρ|Zρ) with meromorphic descent data relative to Z ρ , there exists a coherent sheaf {F ′ , k w } Aut(Yρ|Zρ) with meromorphic descent data relative to Z ρ that is isomorphic to {F , h w } w∈Aut(Yρ|Zρ) and such that
Proof. As in [2, Lemma 1] , it suffices to show that, for any Aut(
Let ξ j ∈ C j be a fixed geometric point for every j = 1, . . . , N . By Proposition 1.17 we can choose an irreducible component
, which corresponds via the functor F ξj to the G j -orbit of s. By Proposition 1.17, the set {Y Then we set Y x to be the irreducible component of Y ρ containing x, I x to be the set of the singular points of Y x and we define V = Y x \ I x . By construction, V is not contained in U and we have, for all w ∈ ker(α) op , w = Id Yρ ,
Second case: Y ρ \ U ⊂ I, where I is the set of singular points of
op is a non-trivial word, then
Thus, there are three possibilities: 
Theorem 3.14. Any coherent sheaf {F , h w } w∈Aut(Yρ|Zρ) on Y ρ with meromorphic descent data relative to Z ρ descends to a coherent sheaf on Z ρ .
Proof. As in [2, Lemma 2], it suffices to prove that there exists a quasi-compact open subscheme
We fix a non-trivial word w ∈ ker(α) op . Note that the irreducible components of the form Y Given an element g = (g 1 , . . . , g N ) ∈ G 1 × · · · × G N , we denote by σ(g) the word g 1 · · · g N ∈ Z ⋆r ⋆ G 1 ⋆ · · · ⋆ G N with letters g i ∈ G i and we define the map
We denote by 1 i the word whose only letter is the element 1 ∈ Z belonging to the i-th copy of Z. Then we set
and we define I G to be set of points of T G that are intersection points with irreducible components of Y ρ not contained in T G . For every x ∈ I G , let V x be a quasi-compact open neighborhood of x, then we set
Since I G is a finite set, T is by construction a quasi-compact open of Y ρ . Thus, it suffices to prove that its ker(α)
op -translates cover K (Z ρ ), whose objects are coherent sheaves on Z ρ and whose morphisms defined by
Moreover, by Grothendieck's existence theorem [13, Cor.5.1.6] , the category Coh K (Z ρ ) is equivalent to the category Coh K (Z ρ ), whose objects are coherent sheaves on Z ρ and whose maps are given by
) is an equivalence of categories. By flat base change [12, 5.2 .27], for every coherent sheaf F on Z ρ and for any p ≥ 0,
Applying this to the sheaf Hom OZ ρ (F , G), for every F and G coherent sheaves, we get that j ⋆ is a fully faithful functor. Moreover, since Z ρ is proper over S, by [14, Thm. 9.4.8] the functor j ⋆ is essentially surjective.
Remark 3.16. Let Coh K ( X) be the category, whose objects are coherent sheaves on X and whose morphisms defined by
From the same reasoning of the previous result's proof, it follows that the category Coh K ( X) is equivalent to the category of coherent sheaf on X K .
We prove now that meromorphic data for a coherent sheaf F on Y ρ descend to a coherent sheaf on X K . Definition 3.17. Extending Definition 3.9, we define meromorphic descent data for a coherent sheaf F on Y ρ , to be a collection of elements
• the identity condition:
The definition of morphisms between coherent sheaves on Y ρ with meromorphic descent data is analogous to Definition 3.10.
We denote by Coh m (Y ρ | X) the category of coherent sheaves on Y ρ with meromorphic descent data.
Specialization functor
In this section we construct the specialization functor between the category Rep cts K (π proét 1 (X 0 , ξ)) and the category Strat(X K ) of stratified bundles. We start recalling the definition and properties of the latter. (i) its i-th Frobenius twist, then an F-divided sheaf on T is given by a sequence (E i , σ i ) i≥0 , where E i are bundles on T (i) and σ i : Theorem 4.4 (Katz's theorem, [15] , Thm. 1.3). Let T be a smooth scheme of finite type over a perfect field F of characteristic p > 0, then the category of stratified bundles on T and the category of F-divided sheaves on T are equivalent.
If the base field is perfect, we will identify these two categories and we use the term stratified bundles for both definitions. Moreover, we will denote by Strat(T ) the category of stratified bundles on T . . Let T be a smooth scheme of finite type over a perfect field F , then the category Strat(T ) of stratified bundles on T is a rigid abelian tensor category. Moreover, if T has a rational point x ∈ T (F ), the functor
is a fibre functor and the pair (Strat(T ), ω x ) is a neutral Tannakian category.
Let us apply these notions to the given connected projective semi-stable curve X with smooth generic fiber X K , using the notation of the previous section.
Definition 4.6. Let K be a fixed algebraic closure of K, X K = X K × K Spec(K) the base change and x ∈ X K (K) a closed point, we denote by π strat (X K , x) the affine group scheme associated with (Strat(X K ), ω x ) via Tannakian duality. 
We will now introduce the notion of stratified bundles with meromorphic descend data and generalize the results of the previous section to the category they form. 
, which is clearly smooth and geometrically connected, and the closed fibre of 
• σ i , isomorphisms of meromorphic descent data
for each i ≥ 0. In order to simplify the notation, we will often not specify the isomorphisms σ i and we will denote a stratified bundle with meromorphic descent data by E = {E i , h (X 0 , ξ)) with V a K-vector space of rank n, we set
to be the composition of the isomorphism in Equation 3.5 and the inversion. We set thenρ := ρ • γ and we fix a base V ≃ K n . We define the sheaf {O 
w } is a stratified bundle with meromorphic descent data on Y ρ . Definition 4.13. A meromorphic stratified bundle on X is a sequence {G i , σ i } of meromorphic bundles G i on X (i) and isomorphisms
A morphism of meromorphic stratified bundles from {G i , σ i } to {G ′ i , τ i } is given by a sequence {ϕ i } of morphisms
that are compatible with σ i and τ i . We denote by Strat K ( X) the category of meromorphic stratified bundle on X.
We set A L to be the integral closure of A in L, S L = Spec(A L ) and we set X SL = X × S S L . By definition, A L is a complete discrete valuation ring, whose residue field is k and whose fraction field is L. By base change, X SL is a projective semi-stable curve with geometrically connected smooth generic fibre X L and connected closed fibre X 0 .
We can apply Proposition 4.15 to X SL and we can define a tensor functor sp L that associates to (V L , ρ L ) a F-divided sheaf on X L . Let bs L : X K → X L be the base change, then by Theorem 4.4 we get a tensor functor sp defined by
where Strat(X K ) is the Tannakian category of stratified bundles over X K .
We fix x ∈ X K (K) and we set ω x to be the associated fibre functor of Strat(X K ) and ω π the fiber functor of Rep cts K (π proét 1 (X 0 , ξ)) given by the forgetful functor. Since X is proper and flat over S, there exists a specialization ξ ∈ X 0 of the K-point x ∈ X. Given F ρ = sp(K n , ρ). Hence,
Since the morphism q X : Y → X → X is flat, there exists a local trivialization 
It remains to show that this isomorphism is functorial. Given a morphism ϕ : (V, ρ) → (W, τ ) of K-linear representations, we set F ρ = sp(V, ρ) and G τ = sp(W, τ ). To prove the functioriality of the above isomorphism it suffices to show that the following diagram commutes (X 0 )) cts .
Compatibility with the étale specialization map
Given x ∈ X K (K), we denote by sp SGA1 the specialization map constructed by Groethendieck in [3] sp SGA1 : π We can define descend data {h Since W K → X K is a morphism of effective descent for coherent sheaves, {O n W K , h ρ g } descends to a coherent sheaf E on X K that, by construction, is locally free. As in the proof of Proposition 4.15, if we repeat the argument for the Frobenius twists of X K we can define a functor
to a geometric coverings of X SL that we call W. Moreover, q corresponds to aProof. Since the construction of the functor F is analogous to the construction of the specialization functor, following the same reasoning of Theorem 4.16, we can conclude that F induces a morphism between the corresponding group schemes. Then the commutativity of the above diagram of group schemes follows from the previous proposition.
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